We report on some recent results regarding the dynamical behavior of a trapped Bose-Einstein condensate, in the limit of a large number of particles. These results were obtained in [4], a joint work with L. Erdős and H.-T. Yau.
Introduction
In the last years, progress in the experimental techniques has made the study of dilute Bose gas near the ground state a hot topic in physics. For the first time, the existence of Bose-Einstein condensation for trapped gases at very low temperatures has been verified experimentally. The experiments were conducted observing the dynamics of Bose systems, trapped by strong magnetic field and cooled down at very low temperatures, when the confining traps are switched off. It seems therefore important to have a good theoretical description of the dynamics of the condensate. Already in 1961 Gross [7, 8] and Pitaevskii [14] proposed to model the many body effects in a trapped dilute Bose gas by a nonlinear on-site self interaction of a complex order parameter (the condensate wave function u t ). They derived the Gross-Pitaevskii equation
for the evolution of u t . Here a 0 is the scattering length of the pair interaction. A mathematically rigorous justification of this equation is still missing. The aim of this article is to report on recent partial results towards the derivation of (1) starting from the microscopic quantum dynamics in the limit of a large number of particles. Here we only expose the main ideas: for more details, and for all the proofs, we refer to [4] . Also in the mathematical analysis of dilute bosonic systems some important progress has recently been made. In [13] , Lieb and Yngvason give a rigorous proof of a formula for the leading order contribution to the ground state energy of a dilute Bose gas (the correct upper bound for the energy was already obtained by Dyson in [2] , for the case of hard spheres). This important result inspired a lot of subsequent works establishing different properties of the ground state of the Bose system. In [12] , the authors give a proof of * Supported by NSF Postdoctoral Fellowship the asymptotic exactness of the Gross-Pitaevskii energy functional for the computation of the ground state energy of a trapped Bose gas. In [10], the complete condensation of the ground state of a trapped Bose gas is proven. For a review of recent results on dilute Bose systems we refer to [11] . All these works investigate the properties of the ground state of the system. Here, on the other hand, we are interested in the dynamical behavior. Next, we want to describe our main result in some details. To this end, we need to introduce some notation. From now on we consider a system of N bosons trapped in a box Λ ⊂ R 3 with volume one and we impose periodic boundary conditions. In order to describe the interaction among the bosons, we choose a positive, smooth, spherical symmetric potential V (x) with compact support and with scattering length a 0 .
Let us briefly recall the definition of the scattering length a 0 of the potential V (x). To define a 0 we consider the radial symmetric solution f (x) of the zero energy one-particle Schrödinger equation
with the condition f (x) → 1 for |x| → ∞. Since the potential has compact support, we can define the scattering length a 0 associated to V (x) by the equation f (x) = 1 − a 0 /|x| for x outside the support of V (x) (this definition can be generalized by a 0 = lim r→∞ r(1 − f (r)), if V has unbounded support but still decays sufficiently fast at infinity). Another equivalent characterization of the scattering length is given by the formula
Physically, a 0 is a measure of the effective range of the potential V (x). The Hamiltonian of the N -boson system is then given by
with
. By scaling, V a has scattering length a. In the following we keep a 0 fixed (of order one) and we vary a with N , so that when N tends to infinity a approaches zero. In order for the Gross-Pitaevskii theory to be relevant we have to take a of order N −1 (see [12] for a discussion of other possible scalings). In the following we choose therefore a = a 0 /N , and thus V a (x) = N 2 V (Nx). Note that, with this choice of a, the Hamiltonian (4) can be viewed as a special case of the mean-field Hamiltonian
